Abstract. This paper discuss an intrinsic relation among congruent relations [1], cyclotomic expansion and Volume Conjecture for SU (n) invariants. Motivated by the congruent relations for SU (n) invariants obtained in our previous work [1], we study certain limits of the SU (n) invariants at various roots of unit. First, we prove a new symmetry property for the SU (n) invariants by using a symmetry of colored HOMFLYPT invariants. Then we propose some conjectural formulas including the cyclotomic expansion conjecture and volume conjecture for SU (n) invariants (specialization of colored HOM-FLYPT invariants). We also give the proofs of these conjectural formulas for the case of figure-eight knot.
Introduction
In our previous work joint with P. Peng [1] , we introduced the SU(n) quantum invariant for a link L as follow: where W (N )(N ),...,(N ) (L, q, t) is the colored HOMFLYPT invariants of L, see Section 2.1 for the definitions. In particular, when n = 2, J SU (2) N (L; q) = J N (L; q) is the classical (reduced) colored Jones polynomial with a suitable variable changes, see Section 7 in [1] for detail. In this paper, by using one of the symmetries of the colored HOMFLYPT invariants obtained in [1] , we prove the following symmetry of the SU(n) invariant about the rank n. Formula (1.2) can be viewed as a new congruent relation with respect to the rank n. In [1] , we have proposed the following congruent relation for J where N ≥ k ≥ 0. In fact, the congruent relation (1.3) is an easy consequence of the following more general conjecture. 0 (K) = 1. Conjecture 1.3 is a generalization of the cyclotomic expansion for colored Jones polynomials due to K. Habiro [3] . By some direct calculations, we find that Conjecture 1.3 holds for figure-eight knot 4 1 and trefoil knot 3 1 . See examples 2.5 and 2.6 in Section 2.
Next, we study the limit behaviors of SU(n) invariant J SU (n) N (K; q) at various roots of unit. For convenience, we introduce the notation ξ N,a (s) = exp(
, where a, s ∈ Z. Then for a fixed n ≥ 2, we have
for any hyperbolic knot K. Conjecture 1.4 is a parallel generalization of the complex volume conjecture for colored Jones polynomial [9] [6] [7] . In fact, when n = 2, part (i) of the Conjecture 1.4 is an easy consequence of the congruent relation obtained in [1] , see Section 2 for a proof. Moreover, for general n ≥ 2, the congruent relation (1.3) leads to part (i) of the Conjecture 1.4 for SU(n) invariant J SU (n) N (K) similarly. As for part (ii) of Conjecture 1.4, we believe it also holds for hyperbolic links although we have only checked the case of knots. In the paper [11] , K. Kawagoe first proposed a special case of the part (ii) of Conjecture 1.4 for a = n − 1 and s = 1.
In Section 3, we will prove that We note that in the SU(n) invariants J SU (n) N , there are two variables N, n. So it is natural to consider the double limits N, n → ∞. In [11] , K. Kawagoe has studied the double limit of 2π lim
keeps a different ratio. In this paper, we find certain double limit of the
will also converge to zero or to the volume of the hyperbolic knot complement. More precisely, we propose Conjecture 1.6. Fix an integer n ≥ 2, (i) If a ∈ Z\{1, 2, .., n − 1}, then for any knot K:
for any hyperbolic knot K.
As an application of Theorem 1.1, it is direct to prove There is a well-known set of idempotents, E λ , for a partition λ of a positive integer n. The closure of E λ , denoted by Q λ forms a basis of the skein of annulus C [8] . Given
where w(K α ) is the writhe number of knot K λ α , and
As to the unknot U, its colored HOMFLYPT invariant( with color λ) is given by
where z µ = j µ j |Aut(µ)| and χ λ (µ) is the character symmetric group. 
for a given link L with L components, and λ = (λ 1 , .., λ L ) ∈ P L , As to a knot K, we define the reduced colored HOMFLYPT invariant with symmetric representation corresponding to a partition (N) as follow
So by (2.1), we have
Then, by the definition (1.1)
, where s ∈ Z. If s odd, then
and if s even, it is obvious
In conclusion, we obtain Theorem 2.1 (=Theorem 1.1). For a knot K, n ≥ m ≥ 2, we have
2.3. Congruent relations and cyclotomic expansions. At first, we review some results obtained in our previous joint work with P. Peng [1] . As to the colored Jones polynomial, we have proved the following congruent relations for
Theorem 2.2. For any knot K, and N ≥ k ≥ 0, we have
In fact, it is a consequence of the cyclotomic expansion for the colored Jones polynomial due to K. Habiro [3] . For N ≥ 1, we define
In particular, C N +1,0 = 1, C N +1,N +1 = 0, and
In our notation, Habiro's cyclotomic expansion of colored Jones polynomial states:
In the next section, we will show that, by using Theorem 2.2, we can prove part (i) of Conjecture 1.4 for n = 2 case. Now we consider the general SU(n) invariants J SU (n) N (K; q). After some numerical computations, it is natural to propose the following conjecture which is the generalization of cyclotomic expansion (2.10) for colored Jones polynomial.
Example 2.5. For the figure-eight knot 4 1 , by using formula (4) in [4] , we have
Example 2.6. For the trefoil knot 3 1 , by using formula (3.61) in [2] with t = −1, we have
See Appendix 4.2 for more examples of cyclotomic expansions of SU(n) invariants. By some direct calculations, we have
for N > k ≥ 0. Therefore, if we assume Conjecture 2.4 holds, by similar method in the proof of Theorem 7.3 in [1] , we obtain, for any knot K and N ≥ k ≥ 0,
which is the congruent relation for SU(n) invariants obtained in [1] . See Conjecture 7.10 in [1] .
Remark 2.7. After the completion of this paper, we note that in a recent paper by S. Nawata and A. Oblomkov [12] , they propose a conjectural cyclotomic expansion formula for colored HOMFLYPT invariants with symmetric representation (See Conjecture 2.3 in [12] ). Let a = q n in their conjecture, we obtain
It is clear that Conjecture 2.8 is a weak version of Conjecture 2.4.
Congruent relations and limits of SU(n) invariants
In this section, we will show that the congruent relations is closely related to part (i) of Conjecture 1.4.
Before discussing the limit behaviors of the general SU(n) invariants, we first review the classical volume conjecture [9] for colored Jones polynomials [6] . In our notations, it can be formulated as
Many people have made a lot of efforts to prove the Conjecture 3.1, see [5] for a nice review. In the study of this conjecture, it is natural to think why we should take the unit root q =
in J N (L; q), here the label N means the N + 1-dimensional irreducible representations of U q (sl 2 ). Namely, a natural question is what will happen if we take the other roots of unity in the above limit? In this section, we answer this question partially by the following theorem. 
Proof. In fact, it is an easy consequence of Theorem 2.2. For a = 2, 3, 4, ..., by Theorem 2.2, we have
For a fixed a, J a−2 (K, q) is a fixed polynomial of q, it is clear that the value of J a−2 (K; exp
) is bounded, i.e. there exists a constant C independent of the N such that
For a = 0, −1, −2, −3, ...., then −a = 0, 1, 2, 3, ... Theorem 2.2 also gives
Similarly, we obtain
So we finish the proof of part (i) of Conjecture 1.4 for n = 2. We note that when a = 1, the above limit is the complex volume by Conjecture 3.1. So in conclusion, the limit is equal to complex volume for a = 1 or is equal to zero if a takes the other integers. Why only a = 1 gives the nonzero limit? We observe that the mod term in formula (2. Furthermore, as for a ∈ {1, 2, .., n − 1}, we believe that the above limit is also convergent to the complex volume. So we propose the following conjecture: 
In the following, we will prove The whole proof of the Theorem 3.4 is long, so we divide the Theorem 3.4 into the following two propositions and lemmas. Proof. By formula (4) in [4] , we have
For convenience, we introduce the following notations
It is easy to show that
We prove a special case at first. Substitutingã = 0 ( or a = 1) to the above formula, we have
)N − (n − 2)⌋ (here we can take the large N, such that N s are coprime.) for some 1 ≤ p ≤ s.
Therefore, we have
For fixed n, s, when N → ∞, the second term goes to zero, and the first term is equal to the integral 2 sπ So we finish the proof forã = 0 case. Forã = n − 2 (a = n − 1), formula (3.15) gives
Then we can finish the proof following the similar statement just asã = 0 case, or refer to [10] for this case. So Proposition 3.6 is proved.
In order to prove part (ii) of the Conjecture 3.3 for figure-eight knot 4 1 completely, we first consider the case of s = 1.
By the method used in the proof of the Lemma 3.5, the first step is to find a maximal k m , such that the function of k (N +ã)⌋, then f SU (n) (N, k m ) < 1. Now we need to estimate a lower bound of k m . We can assume
, we have
where we used the inequalities: sin α < α and cos
Combing (3.33) and (3.36), we have
when α, β are both small enough. If we let k 0 = 5 6
(N +ã) − 2(n − 2), then β = α. By (3.37), we have f SU (n) (N, k 0 ) > 1. Hence, by the definition of k m , we must have k m ≥ k 0 . Now, let us consider the case of general s. Without loss of generality, we only need to prove the case that N, s are coprime. For k = 1 to N − 1, by formula (3.15), The function f SU (n) (N, k) of k has certain period. Thus, as a function of j, one can show that g SU (n) (N, j) may take the maximal value at j 1 = k
m , where
Without loss of generality, we may assume g SU (n) (N, j) take the maximal value at
m ) > 1 for large N, because the integral 5π 6 0 log(2 sin(t))dt > 0). Next, we will show the following Lemma 3.8.
on the other hand side, we let
In the summation of N, j) , the possible negative terms are only in the following list: 
where x stands for 0, n − 2, n − 2 −ã andã. So for large N, sin
). Thus, we have
Thus we have
It is easy to know that each term g SU (n) (N, u) in the above expression is positive. For large N, it is impossible that k
m for any pair (i, j, l), where 1 ≤ i, j ≤ s, l = −1, 0, ..., n − 2. Thus we have Proof. Now, we can finish the proof of proposition as follow:
where we have used the fact g SU (n) (N, k 
Finally we have 2πs lim and compute its limit lim N →∞ Q (N, n, a, s) . (2) invariants, i.e., the colored Jones polynomials, converge to the complex volume faster than the general SU(n) invariants. As to the SU(n) invariants, one can see that the SU(n) invariants converge to the complex volume at a = n − 1 faster than at the other values a = 1, .., n − 2. 
